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Our subjective experience of color is typically described by abstract properties such as hue, saturation, and bright-
ness that do not directly correspond to sensory signals arising from cones in the retina. Along the hue dimension,
certain colors—red, green, blue, and yellow—appear unique in that they are not perceived as a combination of
other colors, and the pairs red—green and blue—yellow appear opposites. However, the anatomical and physiological
correlates of these “unique hues” within the brain and the reason for their existence remain a mystery. Here, we
demonstrate a direct connection between these hues and the statistics of the natural visual environment. Analysis of
simulated cone responses on a dataset of 503 calibrated natural images reveals a strongly non-Gaussian distribution
in 3D color space, with heavy tails in distinct, asymmetrically arranged directions. A sparse coding model is then
adapted to this data so as to minimize the total sum of coefficients on the basis vectors for representing the data.
A six-basis-vector model converges to the four unique hues in addition to black and white. Moreover, we find that
the nonlinear nature of inference in the sparse coding model yields both excitatory and inhibitory interactions
among latent variables; the former facilitates combining adjacent pairs of unique hues to encode intermediate
hues situated between them, while the latter enforces mutual exclusivity between opposite unique hues. Together,
these findings shed new light on the distribution of color in the natural environment and provide a linking princi-
ple between this structure and the phenomenology of color appearance. © 2026 Optica Publishing Group. Al rights,
including for text and data mining (TDM), Artificial Intelligence (Al) training, and similar technologies, are reserved.
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1. INTRODUCTION

In the late 19th century, Ewald Hering and Hermann von
Helmholtz engaged in a vigorous debate over their competing
views regarding the mechanisms underlying color perception
in the eye and brain. While Helmholtz advanced a trichromatic
theory of vision [1], Hering, relying largely on introspection,
proposed a theory based on four unique hues—red, green, blue,
and yellow—which in his view constituted atomistic elements
of color appearance [2]. Noting that certain pairs of these hues

time, Hering’s unique hues came to be adopted by psychology,
vision science, and color technology as a canonical basis for
describing color appearance [5—7]. However, the cone-opponent
representation of the early visual system does not align with
the color-opponent organization implied by the unique hues
[8-11]. Attempts to find neurophysiological correlates of the
unique hues have been largely inconclusive [12—14], with the
exception of Forder ez al. [15]. Psychophysical evidence reliably
distinguishing their “uniqueness” as compared to other hues

are never simultaneously perceived in any color (i.e., red—green
and blue—yellow are mutually exclusive), Hering showed how
they could be organized into opponent pairs and serve as a
perceptual basis for describing all other colors. Ultimately,
the Helmholtz—Young trichromatic theory was linked to the
presence of three types of cones in the retina, and subsequently,
a cone-opponent encoding strategy was identified in the retina
and lateral geniculate nucleus (LGN) whereby neurons compute
differences in activation between cone types [3,4]. At the same
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also remains inconclusive [14,16]. Thus, the alleged privileged
status of the unique hues remains both enigmatic [17-19]
and controversial [14,20], as they do not neatly map onto any
well-understood property of light or the visual system.

It has long been suggested that color perception is shaped
by the statistics of the natural visual environment [18,21-26].
Could this provide an account for the unique hues? Previous
work by Webster and Mollon [22] studied the distribution of
simulated cone activations to natural images and found that
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a subset of images exhibited substantial variance along a blue-
yellow axis. For such images, principal component analysis
(PCA) yields a basis vector aligned with this chromatic axis.
Ruderman ez al. [27] applied PCA to simulated cone activations
pooled across an ensemble of natural images and found principal
components that correspond to physiological cone-opponent
mechanisms found in the retina and LGN [4]. Models that
characterize higher-order statistics have been adapted to spa-
tiochromatic natural images and have been shown to produce
orientation- and chromatically selective receptive fields [28—
33], but these models have not resulted in bases aligned with
the unique hues. One possible reason is that learning bases
from spatiochromatic image patches mixes spatial and color
statistics, obscuring higher-order structure that is specific to the
color distribution itself. Yendrikhovskij [34] applied clustering
algorithms to pixels of natural images in a perceptually uniform
color space and found an alignment between the resulting
clusters and color-naming lexicons, which points toward a
relation to the unique hues. However, one drawback of these
studies is that they were based on particular, limited datasets
(e.g., approximately 10* — 10° pixels). More importantly, these
approaches did not directly examine the full structure of the 3D
color distribution.

In this study, we analyze a large composite dataset compris-
ing more than 10% simulated cone activations sampled from
images collected by different investigators and spanning a
diverse range of visual environments. We then derive encoding
models adapted to the structure of these data, following the
three-stage pipeline depicted in Fig. 1. Rather than examining
the full spatiochromatic structure of image patches, we focus
exclusively on the statistics of the three-dimensional color dis-
tribution defined by the joint activations of long-, medium-,
and short-wavelength selective cones (henceforth referred to as
LMS space). Thus, our analysis treats pixels as samples from a
color distribution and does not model the spatial organization
of chromatic structure, such as through spatial correlations,
edges, or object-level color structure. Extending the present
approach to the joint statistics of color and spatial structure is an
important but more complex problem that we defer for future
study.

(a) LMS domain (b)
S-cone

activation

Natural visual
environment Sphering

> M-cone >

activation

L-cone
activation

Fig. 1.
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2. RESULTS

The results below are based on a large composite dataset of
simulated LMS cone activations in response to natural scenes
assembled from five different, publicly available datasets. Details
of each component dataset and the preprocessing procedures
are provided in Section 4. Briefly, the data from each image
are rescaled independently for each cone type and then passed
through a compressive nonlinearity. Finally, the mean across all
channels was subtracted so that the dataset was zero-centered
before further processing.

The analysis proceeds through three stages. First, natu-
ral scenes are represented in the LMS cone activation space
[Fig. 1(a)]. Second, these responses are linearly decorrelated and
sphered, yielding a cone-opponent coordinate system in which
second-order structure has been removed, and higher-order
deviations from Gaussianity are made apparent [Fig. 1(b)].
Third, the sphered cone activations are represented using a
non-negative sparse coding model, which learns a basis adapted
to the asymmetric, heavy-tailed structure of the distribu-
tion of color in natural scenes. Nonlinear inference in this
model transforms the sphered cone activations into a sparse,
non-negative representation. In the six-basis-vector model,
the learned basis vectors align with the unique hues, and the
nonlinear inference dynamics produce mutual exclusivity
between latent variables corresponding to opponent-color pairs

[Fig. 1(0)].

A. Principal Components Align with Cone-Opponent
Color Space

A natural first step in understanding the structure of multi-
variate data is to apply PCA, which linearly transforms the
data into a new space where variables are pairwise decorrelated
[35] (see Section 4). Applying PCA to the composite dataset of
simulated cone activations yields the principal components and
corresponding variances shown in Figs. 2(a) and 2(b) (see also
Fig. Slof Supplement 1). The first principal component (PC1)
sums the activations of L, M, and S cones, corresponding to an
achromatic channel. The remaining two principal components
compare the activations of different cone types: the second
component (PC2) contrasts the activation of S cones with the
net activation of L and M cones, and the third (PC3) compares
the activation of L and M cones. These components align nearly

Cone-opponency (c) Color-opponency
L+M+S White
25-(L+M)  Sparse Green Blue
coding
_)
L-M Yellow Red

Black

Three-stage model of chromatic processing in the visual system. (a) The pixels of a large dataset of natural images are represented in the

LMS cone activation space (stage 1). (b) A linear sphering transform decorrelates the activations by first rotating to the principal components, yielding
a set of cone-opponent bases, and then rescaling each axis to achieve unit variance in all directions (stage 2). (c) A set of bases that efficiently represent
higher-order structure in the cone-opponent space is derived using non-negative sparse coding models (stage 3). A six-basis-vector model converges to
directions that align with the unique hues, forming a new 6D, non-negative space whose axes correspond to perceptual color categories. The inference
process of sparse coding leads to mutual exclusivity between opponent colors (i.e., red—green, blue—yellow, black—white) depicted here in a 3D space
with opposing colors at opposite ends of each axis. Notably, these color-opponent axes, when projected back into the cone-opponent space, are non-
orthogonal and notaligned with the cone-opponentaxes. Circles in (b) and (c) indicate chromatic planes.
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Fig.2. (a) Principal components of the distribution of LMS activations. The weights’ alignment with the horizontal dashed lines at £sqrt(1/6),

*sqre(1/3), £sqre(1/2), and sqrt(2/3) reveals the near-integer-multiple relationship in how they mix L, M, and S signals (as pointed out by [27]).
(b) Variance of each principal component. (c)—(e¢) LMS activation distributions in the sphered color space exhibit anisotropic, non-Gaussian struc-
ture. Solid lines show isoprobability contours after projection onto three different 2D planes defined by each possible pairing of axes in the sphered
color space, as indicated by the axis labels. Dashed contours indicate isoprobability contours for a multivariate isotropic Gaussian distribution with
the same variance as the data distribution. The contours are equally spaced in log-probability, using the same color scale for both solid and dashed con-
tours. The color circle inset in (e) indicates the hue of each angle within the cone-opponent chromatic plane.

identically with those obtained previously by Ruderman ez 4/.
[27]. Notably, PC2 and PC3 correspond to cone-opponent
mechanisms that have been characterized both psychophysically
[3] and physiologically [4].

The PCA transformation also reveals a striking anisotropy
in the data distribution: the variance on PC1 is more than 10-
fold greater than on PC2, and the ratio between the variance
of PC2 and that of PC3 is even greater [Fig. 2(b)]. This strong
anisotropy makes it difficult to visually inspect the full 3D
structure of the joint distribution. Therefore, we equalize the
variance in all directions of the space by rescaling each principal
component axis by the inverse square root of its corresponding
variance (see Section 4). Throughout the remaining sections
of this paper, we will refer to the unit norm principal compo-
nent vectors as PC1, PC2, and PC3, and their corresponding
rescaled versions based on their predominant cone inputs:
L+M+S, 2S-(L+ M), and L-M, respectively. In addition,
we refer to the 3D space constructed by the latter three axes as
the sphered color space.

The motivation for rescaling is twofold. First, for clar-
ity of visualization: when examining the 3D distribution of
activations in the decorrelated space, having axes with equal
variance makes any deviation from Gaussianity readily appar-
ent. Second, we conjecture that the brain may also rescale
sensory data in this way. As argued by various authors [36-38],
neural systems adjust their gain to fill their output dynamic
range. Thus, neurons tuned to low-variance directions in the
data exhibit comparatively higher gain than those sensitive
to high-variance directions in the data. Since the achromatic
component has substantially higher variance than the chro-
matic components [Fig. 2(b)], amplification of chromatic
relative to achromatic signals is necessary to achieve equal
variance. This prediction aligns with psychophysical mea-
surements of detection thresholds, which reveal substantially
higher sensitivity to chromatic increments than to luminance

increments [39,40].
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B. Distribution of LMS Activations is Highly
Non-Gaussian

Figures 2(c)-2(e) show the structure of the sphered distribution
via three 2D projections of the full 3D distribution, using each
possible pairing of L-M, 2S-(L + M), and L + M + S axes (see
also Fig. S2 of Supplement 1). The resulting density of each
projection is plotted in terms of its isoprobability contours. For
comparison, contours from an isotropic Gaussian distribution
with identical variance are overlaid on each plot. Comparing
the isoprobability contours of the LMS activations to those of
the Gaussian reveals pronounced asymmetries and substantial
deviations from Gaussianity.

First, consider the achromatic dimension in Figs. 2(c)
and 2(d). The low-probability contours of the LMS distribution
are slightly more compact along the achromatic axis than the
Gaussian contours, suggesting a mild sub-Gaussian shape.
Quantitatively, this is confirmed by a negative excess kurtosis of
—0.6 for 1D projection along the achromatic axis (compared to
0 for a Gaussian; see Table S1 of Supplement 1).

By contrast, the chromatically sensitive dimensions (L-M and
2S-(L+M)) exhibit strong heavy-tailed structure as the iso-
probability contours in these directions extend farther from the
origin than those of a Gaussian. The excess kurtosis for 1D pro-
jections along these directions is 4.3 for 2S-(L + M), and 27.0
for L-M. Additionally, the tails are asymmetric, with greater
probability mass in the extremes of the positive L-M direction
than that of the negative. Similarly, there is more probability
mass in the extremes of the negative 2S-(L 4+ M) direction than
in the positive. The pattern of heavy-tailed structure within the
chromatic plane and slightly sub-Gaussian structure along the
achromatic axis is consistent across the different LMS datasets
analyzed (Table S1 of Supplement 1).

Figure 2(e) shows the joint distribution within the plane
defined by the cone-opponent axes. The heavy-tailed struc-
ture varies substantially with azimuth angle (the angle formed
between a point’s projection onto the plane and the positive
L-M direction). Certain directions, such as 0° and 260°, display
pronounced heavy tails, while others, such as 135°, exhibit more
Gaussian or even sub-Gaussian tails. Notably, the structure is
asymmetric between opposing directions (e.g., 0° versus 180°
and 135° versus 315°).

Early observations by Hendley and Hecht [41] reported that
natural scenes generally lack saturated colors. While most pixel
activations indeed cluster near the achromatic axis, the large
dataset of over 225 million pixels reveals a richer structure: satu-
rated colors actually occur with greater frequency than expected
from a random process with the same variance as the data (i.e.,
a Gaussian distribution). Detecting this heavy-tailed struc-
ture requires large sample sizes; smaller datasets (e.g., tens of
thousands of pixels) would fail to capture these tails accurately.

What gives rise to the heavy-tailed structure observed in the
chromatic plane? It is not likely to be an artifact of the prepro-
cessing pipeline, because rescaling and histogram equalization
would, if anything, reduce kurtosis rather than amplify it [42].
Moreover, the heavy-tailed directions do not show correspond-
ence to the directions of the L, M, and S cones in the sphered
space, which point in 330°, 210°, and 90° directions, respec-
tively. The fact that the heavy-tailed structure survives after
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averaging over datasets collected by different investigators using
different cameras suggests that it is a persistent property of the
natural environment as opposed to idiosyncratic properties of
any given dataset. Previous work has shown that color in natural
scenes tends to be spatially patchy, with large, relatively uniform
regions compared to the more fine-grained variation of lumi-
nance [43]. This spatial structure may arise because surface color
is a material property that tends to remain coherent within an
object, whereas luminance varies both with surface reflectance
and with other factors such as shading and illumination geom-
etry. Additionally, Rosenthal ez a/. [24] found that objects tend
to have higher chromatic saturation, suggesting that the heavy
tails in the chromatic distribution [Fig. 2(e)] are driven by the
presence of highly saturated, chromatically consistent objects
(e.g., flora, foliage, sky, and fruit) within natural scenes. A hue-
resolved analysis that links the heavy-tailed structure observed
here to image content will be interesting to explore in future
work.

C. Modeling Higher-Order Structure

While heavy-tailed structure is revealed by projection onto pairs
of principal components, PCA per se cannot provide a model of
this structure as it is computed solely from second-order statis-
tics (the covariance matrix of the data), which are blind to such
structure [35,44]. Thus, one must turn to a modeling approach
capable of capturing higher-order statistics.

A linear generative modeling approach capable of capturing
such higher-order statistics is independent component analy-
sis (ICA), or its highly related cousin, sparse coding [45—47].
Intuitively, sparse coding seeks a set of basis vectors such that
each data point can be reconstructed using only a small number
of basis vectors out a larger dictionary. This favors learning
basis vectors that align with the directions in the data which
occur rarely but with high magnitude, i.e., high-kurtosis or
heavy-tailed directions [35,44,48]. Sparse coding applied to
natural images provides a canonical example of this princi-
ple. When adapted to these data, the learned basis aligns itself
with heavy-tailed directions in image space and exhibits recep-
tive field properties similar to those of simple cells in primary
visual cortex [49]. Theoretical and computational studies have
demonstrated the utility of sparse representations: sparsity
makes complex structure in sensory inputs explicit, improves
storage capacity, enables easier readout by high-order neural
populations, and produces an energy-efficient representation
[50].

The sparse coding generative model assumes each 3D data
vector x to be described as a linear combination of 7 unit-norm

basis vectorsay, az, ..., a,, plus Gaussian noise &:

m

x:Zais,'—i-e. (1)

i=1

The variance of the noise € is assumed to be small relative to
that captured by the basis vectors a;. Importantly, there is no
assumption of orthogonality on the a;, and they can even be
overcomplete and hence linearly dependent, providing greater
flexibility in capturing structure in the data. Sparsity in the
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latent variables s; is enforced via a factorial prior that encour-
ages their values to be zero. Typically, the prior is chosen to be
symmetric about zero (e.g., a Laplacian distribution), enabling
the 5; to take on both positive and negative values. Given the
asymmetric structure evident in the data shown in Fig. 2, we
impose a nonnegativity constraint on their values (i.e., s; > 0 for
all 7).

While the sparse coding model is a linear generative model,
the latent variables 51, 57, ..., s5,, are a nonlinear function of the
datax. The s; are computed by minimizing an energy function
E subject to a nonnegativity constraint:

L 1 T R
minimize E=5Hx—;am‘2+)»;fi, (2

subjectto ;>0 fori=1,2,...,m, (3)

where parameter A controls the trade-off between reconstruc-
tion quality and sparsity. This minimization corresponds to
performing maximum-a-posteriori (MAP) Bayesian inference,
s =argmaxy p(s'|x, A), where vector s has elements 5; and
matrix A has columns a; [49].

The optimization problem of Egs. (2) and (3) is solved using
the locally competitive algorithm (LCA; see Section 4). The
basis vectors a; are then adapted to the structure of the data by
gradient descent on E averaged over many data samples, using
the MAP-inferred s for each data sample x (see Section 4). Note
that the nonnegativity assumption limits the minimum number
of basis vectors to 7 = 4, as at least four vectors are necessary to

span three dimensions under non-negative weightings.

(a) 4 basis vectors 5 basis vectors

L-M
axis
2S-(L+M)
axis

25-(L+M)

Fig. 3.

6 basis vectors
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D. Progression of Basis Vector Solutions with
Increasing Overcompleteness

Figure 3 shows the basis vectors a; that emerge from non-
negative sparse coding models trained on the data for
m=4,5, ..., 8.Each model’s bases are plotted both within the
3D sphered color space [Fig. 3(a)] and as a projection onto the
chromatic plane [Fig. 3(b)].

In the m = 4 model, two basis vectors lie mostly within the
chromatic plane and are aligned with red and yellow—green,
roughly corresponding to two dominant heavy-tailed directions
seen in the data distribution [Fig. 2(e)]. The remaining two
vectors are elevated along the achromatic axis toward black and
white, but retain a chromatic component in the blue direction,
as indicated by their slight tilt from vertical. The tilt toward blue
is needed as this region of hue space would otherwise remain
unrepresented by the other two vectors within the chromatic
plane.

When the number of basis vectors increases to five, a third
basis vector is placed within the chromatic plane oriented
toward the blue direction. This placement is expected as the data
exhibits a heavy-tailed extension in this direction, in addition
to the red and yellow—green directions, which are represented
by two other basis vectors. The remaining two basis vectors now
align closely with the achromatic axis, providing an explicit
description of luminance variation. Thus, the five-basis-vector
model factorizes chromatic and achromatic structure into
distinct groups of basis vectors: three basis vectors tile the chro-
matic plane, and two basis vectors encode positive and negative
variations along the achromatic axis.

At m =6, a fourth vector emerges within the chromatic
plane, and the black and white vectors remain aligned to the
achromatic axis. The new basis vector within the chromatic
plane is aligned to green, nudging the previously yellow—green
vector toward yellow, and the bluish vector toward the center of
blue. This nudging of the other vectors arises from the dynamics
of adaptation in the sparse coding model, whereby bases both

7 basis vectors 8 basis vectors

POODDD

(a) Adapted non-negative sparse coding basis vectors are shown in the sphered color space. The number of basis vectors is varied from left

to right from four to eight. Each basis vector has unit length. The black ellipse depicts a unit-radius circle within the chromatic plane. (b) Basis vectors
from (a) are shown projected into the chromatic plane. The black circle depicts the unit radius, and the outer ring shows the corresponding color for
each hue angle. The gray curve reproduces the log,, probability = —4 contour from Fig. 2(e); it is uniformly rescaled for visual comparison, so shape
is preserved but absolute scale is not. Vectors closely aligned with the achromatic axis project to (near) zero and may not be visible.
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cooperate and compete to form an optimal tiling of the data
distribution. The resulting arrangement—vectors aligned to
red, green, blue, and yellow—forms a strong correspondence
with the unique hues. Psychophysical characterizations of the
unique hues indicate that they do not typically align with the
cone-opponent axes, but instead (with the exception of red)
often lie in the quadrants between them [9-11,51]. Moreover,
color-opponent pairs (green/red and blue/yellow) are not neces-
sarily collinear (e.g., the line between red and green does not pass
through the origin). The adapted 7 = 6 model exhibits these
properties: the hue-sensitive basis vectors do not always align
with the cardinal cone-opponent directions, and the opponent
pairs are not collinear. Note that subjective unique hue settings
vary considerably across observers and datasets [51,52] and hue
angles depend on the scaling of the cone-opponent axes. For this
reason, we focus on the broader geometric correspondence
rather than a precise match to any single set of unique-
hue measurements. This general motif is maintained when
adapting 7 = 6 models to each individual dataset (Fig. S3 of
Supplement 1). It should be emphasized that, given the wide
variety of ways six basis vectors could tile 3D space, it would be
highly unlikely for this particular solution to emerge by chance.
This result is examined more extensively below.

At m =7, the basis vector aligned with black appears to split
into two, each with a slight hue component, resulting in two vec-
tors aligned to darker colors (i.e., brown and dark blue/purple).
The other vectors remain largely unchanged from the m =6
solution, albeit with the yellow and blue vectors nudged slightly
toward white.

Finally, in the 7 =8 model, an additional vector emerges
within the chromatic plane aligned with violet/purple, enabling
the dark blue/purple vector from 7 =7 to revert to black. The
directions of the other 72 = 7 vectors remain mostly unchanged.

Taken together, these results illustrate a progression in how
sparse coding models with increasing degrees of overcomplete-
ness adapt to the structure of the LMS distribution. All of the
models form complete representations of the three-dimensional
space, and all are adapted to the statistics of the data. They differ,
however, in how parsimoniously they tile the heavy-tailed struc-
ture of the data. The four-vector model provides a minimal but
awkward fit, requiring the achromatic vectors to participate in
representing chromatic variation. The five-vector model gives
a more natural separation between chromatic and achromatic
structure, with three basis vectors spanning the chromatic plane
and two aligned with the achromatic axis. The six-vector model
is distinguished by the emergence of four chromatic vectors
aligned with red, green, blue, and yellow, together with two
achromatic vectors aligned with black and white. As shown
below, this arrangement is unique among the other learned
bases in producing three mutually exclusive opponent pairs that
can be parsimoniously combined to form a three-dimensional
opponent color space. Models with seven or eight vectors
further subdivide this representation, suggesting finer-scale
chromatic or luminance-related subcategories, but lacking a
simple opponent organization.

While Fig. 3 reveals how the basis vectors a; are arranged in
the sphered color space, the manner in which color is encoded
by these vectors requires examining how the corresponding

4 basis
vectors

5 basis
vectors

7 basis
vectors

8 basis
vectors

ﬁﬁrﬁﬁl

Fig. 4. Response maps of latent variable MAP activations s; as a
function of 2D location within the Munsell color chart (top). Each
panel shows the iso-response contours for each s; within a particular
sparse coding model, with 7 increasing top to bottom. Solid contour
lines indicate response levels from 55% to 95% of each latent variable’s
maximum, in 10% increments. Contour color indicates the direction
of the corresponding basis vector a; in sphered color space. The four-
basis-vector model places strong weight on its two largely achromatic
basis vectors to describe the blue/green directions. This is due to their
opposing nature and the lack of other basis vectors that could be used
to describe this region of color space. To show that these vectors are
indeed sensitive to luminance variation, their iso-response contours are
shown at 20% and 30% of each coefficient’s maximum in dashed lines.

latent variables s; activate in response to stimuli placed at dif-
ferent points in the space. These activations are computed via
the MAP-inference of Egs. (2) and (3), and hence are nonlinear
functions of the stimulus vector x. Visualizing these response
functions, s5;(x), within the 3D sphered color space is prob-
lematic, so we instead plot each latent variable’s response as a
function of its 2D location within the Munsell color chart, a
color standard used in cross-cultural linguistic studies of color
naming. These plots are shown in Fig. 4.

The progression of color tuning from broad to narrow as
basis vectors are added to the model mirrors the increasingly
refined tiling of the chromatic plane seen in Fig. 3. It is also
reminiscent of the manner in which color terms are added to
a color vocabulary. When additional vectors are added to the
model, they subdivide a region that was previously represented
by a single vector. For instance, the transition from five to six
basis vectors introduces a new basis vector that separates blue
and green, analogous to how languages with five basic color
terms might introduce a distinct term for green or blue to resolve
prior ambiguity. Moreover, earlier-acquired basis vectors tend
to persist in models with more vectors. For example, vectors that
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represent white, black, red, blue, yellow, and green are largely
preserved in the seven- and eight-vector models.

E. Sparse Coding Account of the Unique Hues

Among the models discussed in the previous section, the six-
basis-vector model holds particular interest due to its alignment
with the unique hues. Given the extensive literature surround-
ing these hues and their foundational status in color science, we
study this model in detail. In doing so, we demonstrate why this
basis is useful for representing the statistics of color in natural
scenes, and we draw similarities between the properties of this
model and the phenomenology of the unique hues.

To understand why the six-basis-vector model arrives at
its solution, it is important to consider how the sparse coding
model represents data. In the model, any data point x is repre-
sented by scaling each unit-norm vector a; according to its latent
variable 5; and then adding them together. Graphically, this is
equivalent to positioning the rescaled vectors end-to-end to
reach the data point. Thus, the sum of latent variables [sparsity
penalty in Eq. (2)] can be interpreted as the total path length
traversed by basis vectors to describe a data point. The puzzle
solved by the sparse coding model is how to arrange the basis
vectors so that, when averaged over the distribution of the data,
the total path length is minimized. In doing so, the model finds a
configuration that efficiently spans the LMS activation distribu-
tion. The emergence of vectors resembling the unique hues can
thus be understood as a consequence of the structure of the data
and these model assumptions.

To demonstrate and verify this intuition quantitatively, we
compare the efficiency and reconstruction quality of the unique-
hue basis to those of two alternative six-vector bases [Fig. 5(a)].
One alternative is a canonical cone-opponent basis aligned with
the axes of the sphered color space (basis 1). The other is a basis
roughly aligned with teal, lime, orange, and purple (basis 2), fol-
lowing [16], which used these hues to demonstrate that human
subjects can use such a basis to describe color, and because they
served as the subject of debate with respect to the unique hues
[17,53]. Note that both alternative bases retain two achromatic
vectors (black and white), ensuring a fair comparison in the full
3D space.

Each model’s performance is evaluated by sweeping over a
range of values for sparsity parameter A and plotting the joint
reconstruction error (mean-squared error; MSE) and average
£ norm of latent variables. As shown in Fig. 5(b), the adapted
basis achieves consistently lower MSE and lower £; norm across
different settings of A, indicating a more efficient representation
under the model assumptions.

To further evaluate how this efficiency depends on the specific
orientation of basis vectors within the chromatic plane, each
basis is rotated in azimuth [Fig. 5(c)], and the total energy £
[Eq. (2)] is computed as a function of rotation angle. As shown
in Fig. 5(d), the adapted basis reaches a minimum at zero rota-
tion, providing further confirmation that it is better matched
to the structure of the data in comparison to a wide variety of
alternatives.
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Fig. 5. Comparison of the adapted six-basis-vector model with

alternative models containing six basis vectors. (a) The three bases
analyzed, projected onto the chromatic plane. All bases span the full
3D space and include two achromatic vectors (white and black).
Left to right: the adapted basis, a cardinal cone-opponent basis, and
a teal-lime-orange-purple basis. (b) Reconstruction quality (mean
squared error) versus sparsity (average £; norm) curves for each basis,
sweeping across sparsity thresholds A. Across thresholds, the adapted
basis consistently achieves lower MSE and greater sparsity. (c) Each
basis is rotated in azimuth (about the vertical axis), altering the hue
tuning of the chromatic vectors. (d) Energy (the sum of MSE and ¢,
sparsity weighted by ) as a function of azimuth rotation [see (c)]. The
minimal-energy configuration occurs for the adapted basis at zero
rotation.

F. Emergence of Color Opponency

Opponent pairs of unique hues are regarded as being perceptu-
ally opposite (e.g., there is no color that is simultaneously both
red and green). However, opponent pairs of unique hues are not
necessarily opposite to one another in the cone-opponent plane
(i.e., collinear) [8—11]. This raises the question of why these
directions in color space are perceived as opposites, and what
mathematical principles could reproduce such an opponent
organization.

We find that inference in the sparse coding model gives rise to
mutual exclusivity between latent variables that represent per-
ceptually opponent colors, as well as the achromatic (white and
black) latent variables (Fig. 6). Figure 7(a) illustrates how infer-
ence represents stimuli within the chromatic plane by plotting
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Mutual exclusivity between opponent latent variables. Scatter plots show pairwise activations of inferred coefficients from the six-basis-

vector sparse coding model for 10,000 randomly sampled LMS activations. Each axis corresponds to the activation of a latent variable associated with
the indicated color direction. Opponent pairs (red—green, blue—yellow, and black—white) exhibit mutual exclusivity due to sparse inference, whereas

non-opponent pairs can coactivate.

iso-response contours of the chromatic latent variable represen-
tation. The nonlinear interactions between latent variables s; in
the LCA inference dynamics [Eq. (8)] cause their iso-response
contours to curve, producing a complete and evenly distributed
encoding of the chromatic plane without any overlap between
iso-response contours belonging to an opponent pair [Fig. 7(a)].

The interactions between latent variables during inference
are mediated by the Gram matrix of inner-products between
basis vectors G;= al-Taj [Eq. (8)]. Positive entries in the Gram
matrix lead to inhibitory interactions: when two basis vectors are
similar, activity in one’s latent variable suppresses the other. For
example, the green and yellow basis vectors have strong positive
overlap in the Gram matrix [Fig. 7(c)], leading to curved iso-
response contours that bend away from each other [Fig. 7(a)].
This inhibitory interaction also ensures that pairs of basis vec-
tors which represent opponent colors are mutually exclusive,
as the contours of opponent pairs never cross despite a lack of
collinearity or orthogonality.

Interestingly, negative entries of the Gram matrix (e.g.,
between blue and red) result in excitatory interactions between
pairs of basis vectors. This interaction causes basis vectors to be
recruited to represent regions of the chromatic plane despite
the points within those regions having a negative projection on
the basis vector. This prevents regions of input space from being
represented by a single basis vector and thus enables a more even
and complete tiling of the chromatic plane.

Somewhat paradoxically, opponent-pairs of basis vectors
have large negative inner products, thus leading to an excitatory
interaction. How is it that they remain mutually exclusive? The
answer lies in the sparsity penalty. Inference selects the sparsest
combination of active units to explain the data. Since simultane-
ous activation of opponent units would decrease sparsity, only
one member of an opponent pair is used at a time.

However, the excitatory interactions between opponent pairs
point to a broader issue: the model assumes a factorial (inde-
pendent) prior over coefficients, but the empirical mutually
exclusive distribution of inferred coefficients is not factorial (see
Fig. 6). This emerges from the interaction between sparsity and
the structure of the data. A direction for future work is to explic-
itly incorporate this mutual exclusivity into a non-factorial prior
(see Section 3).

Importantly, mutual exclusivity among opponent units is
not imposed by the model but instead emerges naturally from
inference in the generative model [Eq. (1)]. Not all nonlinear
transformations exhibit this property. Consider, for example,
a representation generated by linear projection followed by
rectification. Because responses in such a model are computed
purely through linear projection, the iso-response contours in
Fig. 7(b) form straight lines perpendicular to their correspond-
ing basis vectors. The lack of orthogonality among the basis
vectors leads to regions of the chromatic plane that are repre-
sented by combinations of hues that are considered perceptually
opposed. For example, red and green units both respond in parts
of the fourth quadrant, and blue and yellow responses overlap
in the third quadrant. There are also significant regions of the
chromatic plane encoded by only the blue vector or only the
red vector, leading to metamerism: many distinct chromatic
stimuli yielding identical responses. These problems cannot
be solved by simply increasing the threshold (which would
exacerbate metamerism) or introducing alternative pointwise
nonlinearities.

Finally, because inference forms three mutually exclusive
pairs of latent variables, they define a perceptually parsimonious
IR? space in which each axis corresponds to a red—green, blue—
yellow, or black—white opposition [Fig. 1(c)]. This structure
reflects the phenomenological organization of color experience
and is unique to the six-basis-vector model. The emergence of
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(a), (b) Iso-response contours (lines) colored by the corresponding basis vector. The hue saturation of the lines is set according to response

magnitude (color bars at right). Contours are shown for both sparse inference (a) and linear projection (b). The linear projection representation is
given by 5; = ¢ (ax), where x is a point in the sphered color space, and g (+) is an element-wise rectifying nonlinearity [as in Eq. (9)]. Representations
formed by sparse inference and linear projection are numbered s; — 54 according to the azimuth angle of their basis vectors, from smallest to largest.
(c) Gram matrix showing inner products between basis vectors, with positive (inhibition) and negative (excitation) values. (d) Tuning curves of the
inferred representation (solid lines) in response to stimuli varying only in hue angle, compared to a linear projection with rectification (dashed lines).

these three opponent pairs is not a generic consequence of using
six basis vectors, as this property depends on the specific orienta-
tions that the model learns from the data. For instance, a model
with six basis vectors could instead represent three chromatic
directions, one achromatic-increment direction (e.g., white),
and two distinct decrement directions (e.g., black and brown);
in such a case, pairwise mutual exclusivity would not occur, as
white would be opponent to both black and brown. The other
models also fail to construct a three-pair mutually exclusive
opponent-color space: the four-vector model contains no oppo-
nent pairs, the five-vector model only one (black—white), and
the seven-vector model introduces deviations from pairwise
opponency, such as white being mutually exclusive with both
black and brown. Thus, the six-basis-vector model uniquely
combines numerical sufficiency with statistically driven direc-
tions to recover a perceptually meaningful, 3D opponent-color
space.

G. Model Tuning Curves Resemble Perceptual Hue
Scaling Functions

A well-established method for probing color appearance is hue
scaling, in which participants rate the perceived proportions of a
set of colors for a battery of colored stimuli that tile a color space
[8,16]. To draw parallels with such psychophysical character-
izations of the unique hues, we examined the responses of the
six-basis-vector model to stimuli that vary only in azimuth angle
within the chromatic plane of the sphered color space.

Figure 7(d) shows the tuning curves of the inferred sparse
coding representation to unit-norm chromatic stimuli sweeping

through azimuth. For comparison, the tuning curves of the same
basis under a linear projection [i.e., g(ATx) as seen in Fig. 7(a)]
are also plotted (dashed lines). Under linear projection, all
curves have the same shape and differ only by phase shifts.
By contrast, the inferred representation (solid lines) exhibits
non-uniform tuning widths due to interactions between units
during inference. For example, excitatory interactions broaden
responses near 60°, while inhibitory suppression narrows
responses around 240°. These interactions produce red and
blue tuning curves that are broader than those of green and
yellow. This resembles the asymmetry reported by De Valois
et al. [8], in which blue and red were used to describe a broader
range of azimuth angles than green and yellow in human hue-
scaling judgments. Thus, the correspondence is not only in the
learned basis directions, but also in how sparse coding inference
combines those directions to describe intermediate hues.

3. DISCUSSION

The two main contributions of this paper are (1) the finding of
strongly non-Gaussian structure of LMS activations in response
to a large database of natural images and (2) showing that a lin-
ear generative model adapted to this data aligns with the unique
hues. A key observation enabling the second contribution is the
asymmetry in the data, particularly within the chromatic plane,
which motivates the use of a non-negative code for its repre-
sentation. Nonnegativity, when combined with sparse coding
inference, introduces mutual exclusivity between coefficients
and yields a color representation that mirrors human perceptual
judgments. It is remarkable that not only unique hues but also
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the structure of their interactions arise from fitting a single,
linear generative model, with few other assumptions, to the
data.

A. Implications and Model Predictions

When framed as a probabilistic generative model [49], the
sparse coding model can be seen as constituting a prior over
color appearance acquired from exposure to the natural environ-
ment. This raises the question of whether one can find evidence
of the influence of this prior in judgments of color appearance,
similar to how priors have been shown to influence judgmentsin
other tasks [54]. For example, given a noisy or uncertain obser-
vation of a color, the model would predict an observer’s estimate
of the color to be biased toward regions of higher probability in
the prior [55]. Alternatively, since the sparse coding model is an
approximation, and the full color distribution is relatively low-
dimensional, it may be feasible to use the empirical distribution
(Fig. 2) directly to test whether it predicts color judgments
under uncertainty.

Another question that arises from the sparse coding model
is whether one should expect individual neurons in the visual
system to exhibit tuning to the unique hues similar to that of the
latent variables of the model (Fig. 4). This question is difficult
to answer at present because we lack a theory for how space
and color should be jointly represented. A widely held view
is that the visual system aims to disentangle image data into
independent factors of variation such as illumination, object
shape, and reflectance properties [56]. Previous work applying
sparse coding or ICA to color natural image patches recovers
spatial Gabor-like basis functions with color-opponent struc-
ture [29,31,47]. However, information about color, shape, and
illumination still remains entangled in such a representation
since the latent variables co-vary with each of these properties.
We conjecture that disentangling color and shape will require
more complex, multistage models that have the ability to fac-
torize components [57] as opposed to the simple type of linear
generative models explored here and elsewhere. We speculate
that the latent variables of such disentangled representations
could be effectively represented and manipulated internally not
by single neurons but via high-dimensional neural populations,
as in vector symbolic architectures [58,59], which could explain
the failure to find neurons tuned to the unique hues [14].

B. Relation to Prior Work

Other multistage models of chromatic information process-
ing have also been proposed. Doi ez al. [31] applied a similar
three-stage model to spatiochromatic natural images, which
were sampled by a realistic cone mosaic. The model consisted
of a sphering step followed by ICA, which were both adapted
to the structure in the spatiochromatic natural image patches.
The ICA model derived cone-selective receptive fields; how-
ever, it is unclear to what extent these filters relate to color
perception. De Valois and De Valois [60] demonstrated how
the visual system could transform color representations in a
multistage model proceeding from LMS to cone-opponent
to red—green/blue-yellow color-opponent dimensions, given

biophysical constraints such as relative cone ratios and the spa-
tially symmetric center-surround receptive field structure in the
retina. Here we show how the specific computations in these
stages can be derived within a first-principles framework applied
to image statistics.

Yendrikhovskij [34] applied clustering algorithms to pixels
from natural images in a perceptually uniform color space and
found that the resulting clusters aligned with so-called “univer-
sally named” colors. However, later studies struggled to replicate
this result [61,62]. Given the structure of the data shown in
Figs. 2(c)-2(e), it is not clear that a clustering model per se is
appropriate for capturing the structure of natural color statistics
(see also below).

Philipona and O’Regan [63] provide an alternative account
of the unique hues based on the observation that certain surface
reflectance spectra, when filtered through the cone absorption
functions, remain relatively invariant under changes in illumi-
nation. They show that these singularities in color space, which
would be most informative of surface reflectance, correspond to
the unique hues. This finding suggests that the asymmetric and
heavy-tailed structure in the LMS distribution reported here
may be related to the relative invariance of certain reflectances
to illumination. Investigating this relationship would be an
interesting direction for future work.

Webster and Mollon [22] found considerable variation
in natural-image chromaticities along a blue-yellow direc-
tion, with greater variation along S-(L + M) than along L-M.
This broad anisotropy has been replicated here and elsewhere
[27]. Specifically, they found that the dominant axis of chro-
matic variation was not aligned with the cone-opponent axes.
Direct comparison between their color distribution and the
one reported here is limited by two differences. First, each
image in our dataset was rescaled by its mean cone response
(see Section 4), whereas their analysis did not include an analo-
gous normalization. Second, their post-receptoral space differs
slightly from the PCA-derived post-receptoral space used here
and, more importantly, uses different scalings of the chromatic
axes. They rescale the axes according to estimated detection
thresholds, whereas we rescale the axes to have unit variance.
Nonetheless, the sparse-coding models learn basis vectors
aligned with the blue—yellow directions (Fig. 3). This off-axis
bias could reflect scene content, as both datasets contain mix-
tures of foliage and sky. Understanding how the non-Gaussian
structure of the LMS distribution arises from image content
remains an important direction for future work.

C. Bases versus Categories

The unique hues are in some cases regarded as discrete color
categories (as in color naming) and in other cases as a basis for
representing the full continuum of colors. The sparse coding
model is an example of the latter. Whereas categorization pro-
duces a discrete code that assigns many points in stimulus space
to a single category, the sparse coding model produces a con-
tinuous code by linearly combining basis vectors to describe any
point in color space, potentially without loss. However in the
extreme case where sparsity is so heavily encouraged that only a
single basis vector is used to describe a given point in color space,
it becomes equivalent to a vector quantization model similar
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to categorization or clustering (see [64] for a useful discussion
of the relation between sparse coding and clustering). Previous
attempts to measure categorical effects in color perception have
produced mixed evidence for categorical boundaries consistent
with the unique hues [65]. It is not clear that the sparse coding
model would produce such categorical effects, especially if the
prior were to be modified to account for facilitatory interactions
between latent variables (see below).

Interestingly, the sparse coding model also captures the
atomistic property of the unique hues originally noted by
Hering, since a color aligned with any one basis vector would
be described by that vector alone, whereas a color lying between
basis vectors would be described as a linear combination of
them.

D. Model Extensions and Future Work

There are natural extensions to the sparse coding model. First,
while we assume a factorial prior over the latent variables, the
inferred representations clearly deviate from this assumption.
This is most notable through mutual exclusivity between
opponent-color units. Future work could explore incorporat-
ing structured priors that explicitly model mutual exclusivity.
Second, in this work, we compute the latent variables via MAP
estimates rather than sampling from the full posterior distribu-
tion. A disadvantage of this approach is that these estimates are
biased toward zero due to the sparse prior, requiring the basis
function norms to be constrained to one (otherwise they would
grow without bound). By instead sampling from the posterior
(e.g., via Langevin sampling), the model could potentially
learn the basis vector norms along with parameters of the prior,
such as excitatory and inhibitory couplings between latent
variables [66].

Lastly, cone spectral sensitivities vary greatly across the animal
kingdom [67]. Prior work has asked whether primate cone
sensitivities are optimized for sampling natural spectra [68].
The results presented here are all based on spectral sensitivities
of the trichromatic primate visual system; however, this theo-
retical approach is general and can be applied to any species with
spectrally distinct photoreceptors. In this sense, cone sensitiv-
ities define the photoreceptor basis through which spectra are
measured, whereas the sparse-coding model addresses how the
resulting cone responses may be organized into a post-receptoral
color representation. Human spectral sensitivities vary across
observers, yet unique-yellow settings can remain remarkably
stable [69]. This raises the possibility that the higher-order
structure captured here is robust to some variation in cone
spectral sensitivities, a question that could be tested by repeating
the present analysis under different photoreceptor sensitivities.
Theoretically this could make sense in terms of a compressive
sensing strategy, where the cones compress spectra into a low-
dimensional representation from which higher-order (sparse)
structure can still be recovered for a broad range of variations in
the choice of cone absorption functions [70].

More broadly, applying the same framework across species
could test whether similar coding principles operate in visual
systems with very different photoreceptor bases. Recent findings
on color vision in Drosophila have revealed a very similar coding
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strategy to what we have presented here: photoreceptor activa-
tions are initially decorrelated via horizontal cells [71], and then
a later stage is believed to use a recurrent non-negative encoding
strategy, similar to LCA, to produce hue-selective neurons with
curved iso-response contours similar to those in Fig. 7(b) [72].
To what extent these hue tuning properties can be explained by
natural image statistics remains an open question. Nonetheless,
these empirical findings bear a striking resemblance to the
model proposed here, and their convergence offers the opportu-
nity to test whether principles of efficient coding and perceptual
inference can provide an account for color perception across the
animal kingdom.

4. METHODS

A. Dataset of Simulated LMS Activations to Natural
Images

We constructed a large dataset of simulated LMS activations in
response to natural images by combining five calibrated LMS
and hyperspectral datasets, the details of which are provided in
Table 1. The collated dataset contains over 225 million LMS
activations arising from 503 images. The motivation behind
combining datasets is that it allows for a more diverse sampling
of visual environments and reduces potential biases from any
single camera, environmental setting, or selection bias of the
investigator. The hyperspectral datasets were converted to cone
responses using the ten-degree cone fundamentals from [77].

We eliminated from the dataset any images that contain
man-made objects. We removed these images because the colors
of man-made objects could inherit the very biases in human
color perception that we seek to study, which would confound
our results. That said, even scenes of only naturalistic objects
could contain biases of what the photographer thought was
worth photographing. It is hard to rule out this bias, and it could
be present in any dataset. Additionally, only images in the “natu-
ralistic” category from the Barcelona dataset [73] were used, and
the gray sphere in the left portion of each image was removed
by cropping out the leftmost 200 pixels. We did not include the
large simulated LMS cone natural image dataset of [78] as its
PCA-summarized statistics were substantially different from
the other datasets. Understanding the reasons for this and its
implications deserves additional study.

Table 1. Details of the Natural Image Datasets Used
for Simulating LMS Cone Activations’

Dataset Type N.Images Location(s)

Kyoto natural images Calibrated LMS 62 Japan

(31]

Barcelona calibrated Calibrated LMS 237 Spain

images (73]

Ruderman ez /. [27] Hyperspectral 12 United States
and Australia

2022 NTIRE spectral Hyperspectral 165 Israel

recovery [74]

Foster and Reeves Hyperspectral 27 Portugal

[75,76]

“Each dataset is listed with its data type, number of images, and collection
location(s).
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With the exception of the Kyoto dataset, all of the calibrated
LMS datasets are proportional to linear cone absorbances and
can be thought of as cone photon isomerizations, which will
be nonlinearly transformed to cone outputs. Following Doi
et al. [31] (see also [33]), the transform from absorbance v
to nonlinear response 7 is modeled using an exponential sat-
uration function 7 =1—¢* as proposed by Baylor er al.
[79]. Interestingly, this function describes the cumulative den-
sity function of the exponential distribution p(v) = ke *?,
which is the maximum entropy distribution for a non-negative
variable v with mean 1/£. We observed that cone absorbance
distributions for a given image often resemble an exponential
distribution, with £ varying with cone type and illumination
level. Therefore, by setting 4 equal to the inverse mean, 1/(v;),
where i € {L, M, S} denotes a particular cone type, an approx-
imately uniform distribution over [0,1] will be produced on the
cone outputs. (A similar line of reasoning was used by Laughlin
to derive the optimal nonlinear response function for neurons in
the fly visual system [36]). Moreover, this choice of £ effectively
applies von Kries adaptation to the images, in which each cone
type’s response is rescaled independently according to its mean
[80]. Mathematically, the transformation from linear cone
inputs v; to nonlinear outputs 7, is as follows:

ri=1—exp (—%) . (4)

Note that the Kyoto dataset uses a similar function to convert
to nonlinear outputs; however, they set £ such that the median
ofr; isequal t0 0.5 (see [31] for details). As a final step of process-
ing, the mean is subtracted from each image (computed over
the spatial and channel dimensions), such that the mean over
the entire dataset is zero prior to the redundancy reduction step,
which is described in the subsequent section.

B. PCA for Redundancy Reduction

Following Ruderman et al. [27], we apply PCA to remove
second-order statistical redundancies from simulated LMS
activations.

Given an LMS cone activation vector r = (r LTMT 5) T, we
seek alinear transformation W € R3*3 such that

x=Wr with (xx/)=1I, (5)

where (-) denotes the expectation over the dataset, and I is the
identity matrix.

Such a linear transformation can be computed using PCA.
The covariance matrix of the LMS inputs is decomposed as

(rr’)y = EAET, (6)

where E contains the eigenvectors (principal components)
and A =diag(o?, 07, 032) is the diagonal matrix of their
corresponding variances, sorted such thato{ > 03 > o}.

To decorrelate and rescale the data to have unit variance in all
directions, the data are first rotated to the principal component
basis using E” and then rescaled by the inverse standard devi-
ation using A2 = diag(ol_l, (72_1, 03_1). Combined, this
yields the linear transformation:

W=A"2E". (7
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This maps LMS activations into the sphered color space.

C. Locally Competitive Algorithm (LCA)

We solve Egs. (2) and (3) using a non-negative variant of LCA
[81]. LCA evolves subthreshold variables #; whose thresholded

outputs s; are the sparse coefficients:

rit,-+ui=al-Tx—ZGiij, )
J#i
s; =max(0, u; — L) =g (u;), )

where G;=a/a;. The rectifying nonlinearity g(-) enforces
the £;-sparsity penalty on the coefficients while imposing an
infinite energy barrier at 5; <0, satisfying the nonnegativity
constraint. Letting the dynamics settle to a steady state yields
the coefficients s that minimize E, corresponding to the MAP
estimate under the model. The basis is learned by stochastic
gradient descent on the energy E with respect to A, using the
inferred coefficientss. This yields the following learning rule:

m

Aa;, =7 X—Zaij 5 (10)

j=1

The update rate 7 is set small so that the energy decreases con-
tinuously until convergence. After each update, the basis vectors
are normalized to have unit norm: ||a; ||, = 1 forall 7.

The sparsity parameter A was adjusted during learning such
that a constant signal-to-noise ratio (SNR) was maintained in
the reconstruction error. The SNRis a function of mean squared
error (MSE) where MSE = ||x — As||3. SNR in decibels (dB) is
computed as follows:

SNR = 10 log,, MSE™". (11)

The sparsity parameter A was set such that 16 dB SNR
was maintained for all the bases shown in this paper. We did
not observe significant changes to the optimal bases when A

enforced higher or lower SNRs.
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